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A γγ angular correlation experiment has been performed to investigate the low-energy states of
the nucleus 98Mo. The new data, including spin assignments, multipole mixing ratios and lifetimes
reveal evidence for shape coexistence and mixing in 98Mo, arising from a proton intruder configu-
ration. This result is reproduced by a theoretical calculation within the proton-neutron interacting
boson model with configuration mixing, based on microscopic energy density functional theory. The
microscopic calculation indicates the importance of the proton particle-hole excitation across the
Z = 40 sub-shell closure and the subsequent mixing between spherical vibrational and the γ-soft
equilibrium shapes in 98Mo.
PACS numbers: 21.60.Jz, 21.60.Fw, 23.20.En, 25.55.-e, 27.80.+w
For decades, to clarify the nature of shape coexistence
has been one of the major objectives in nuclear struc-
ture physics [1, 2]. The phenomenon has been observed
in various regions of the nuclear chart, from light [3] to
heavy [4] systems. In 186Pb, for example, three low-lying
0+ states bunch together in energy, within the range of
700 keV [4]. The emergence of the extremely low-lying 0+
states is, in terms of the spherical shell model, attributed
to two- or four- proton excitations across the Z = 82 shell
closure. The residual interaction between protons and
neutrons leads to the lowering of the excited 0+ states
and the different corresponding shell-model configura-
tions are linked to relevant geometrical deformations in
a mean-field picture [5].
The A ∼ 100 mass region also presents a unique labo-
ratory for the evolution of nuclear shape and shape coex-
istence [6, 7]. The interplay between single-particle and
collective degrees of freedom leads to shape phase tran-
sitions along isotopic and isotonic chains [8]. The most
dramatic examples for shape coexistence and shape tran-
sition occur in the Zr isotopic chain, as recently revealed
for 94Zr [9]. Especially in the N = 50−56 Zr isotopes the
0+1 state and the very low-lying 0
+
2 state are considered
strongly mixed 0p-0h and 2p-2h proton configurations,
where protons are promoted from the pf shell to the g9/2
orbital, as also found in shell model calculations [6, 10].
The structure of the low-lying 0+2 state in N ≥ 58 Zr
isotopes is somewhat more complicated due to neutron
contributions. In Mo isotopes, starting from N = 50
the nuclear shape gradually evolves from a sphere and,
driven by the enhanced proton-neutron residual interac-
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tion, large deformation sets in at N ≈ 60 [11]. Situated in
between, 9842Mo56 is pivotal for understanding shape tran-
sitions in this mass region. In particular, the concept of
shape coexistence can apply to this nucleus, where pro-
ton cross-shell excitations from the Z = 28− 40 pf shell
to the pig9/2 orbit may play an important role [12]. In
fact, experimentally, the first excited state of 98Mo has
been shown to be an coexisting isomeric 0+ state of dif-
ferent shape [13, 14]. The mixing between the proton
2p-0h and 4p-2h configurations forms the first excited 0+
state and the ground state as revealed by the investiga-
tion of γ transitions depopulating 1+ states with equal
strengths to both 0+ states [12], akin to the findings for
92Zr [6].
To address the important issue of the nature of low-
lying structure in 98Mo, we performed a γγ angular corre-
lation experiment. In this paper, the results of this exper-
iment are reported as well as the identification of shape
coexistence and the role of a proton intruder configura-
tion in 98Mo. The experimental results are supported by
predictions of the interacting boson model [15] with con-
figuration mixing, where the Hamiltonian is determined
microscopically. The microscopic calculation indicates
the importance of the proton intruder configuration and
the substantial mixing between spherical-vibrational and
γ-unstable shapes in 98Mo.
In order to extend the 98Mo level scheme, we used the
reaction 96Zr(α,2n)98Mo. A 16 MeV α beam was de-
livered by the ESTU tandem accelerator at the Wright
Nuclear Structure Laboratory, Yale University, imping-
ing on a 1.25 mg/cm2 thick 96Zr target enriched to
57.36%. The γ transitions were detected by 10 Compton-
suppressed HPGe Clover detectors of the YRAST Ball
array [16]. During five days of measurement, 1.2×109
events were collected using a γγ coincidence trigger.
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FIG. 1: Total projection of the γγ coincidence data. Major
peaks from 98Mo and the main side reactions are marked.
Figure 1 shows the total projection of the γγ coinci-
dence data. Due to impurities in the 96Zr target tran-
sitions from 93−99Mo isotopes were observed. The most
prominent peaks are labeled with their associated nu-
clear origin. The data was sorted into 11 correlation
group matrices, which account for detector pairs at an-
gles Θ1,2 with respect to the beam axis and a relative
angle ψ between the plains spanned by the detectors
and the beam axis, in order to perform a γγ angular
correlation analysis. Relative intensities in the correla-
tion groups were then fitted to angular correlation func-
tions to extract spins and multipole mixing ratios, as de-
scribed in Refs. [17, 18], using the computer code COR-
LEONE [19, 20]. The code takes into account the attenu-
ation factors of the detectors [21, 22]. An example of a γγ
angular correlations analysis is shown in Fig. 2 for the 2+4
1419−−−→ 2+1 787−−→ 0+gs cascade, yielding the hitherto unknown
multipole mixing ratio δ1419 = 0.33 ± 0.11. In litera-
ture [23] conflicting multipole mixing ratios are given for
γ transitions depopulating low-lying states in 98Mo. The
superior sensitivity of the present setup allowed to re-
solve discrepancies. For more detailed information about
γγ angular correlations analysis with the YRAST Ball
array see Refs. [22, 24]. In the same way, the multipole
mixing ratio of the 2+2
644−−→ 2+1 transition was measured
to be +1.67(25), which is in agreement with the larger
solution from an (n,n′γ) experiment [25], and refutes the
most recent value from Coulomb excitation [14].
Lifetimes of excited states were determined using the
Doppler-Shift Attenuation Method (DSAM) [26]. The
data was sorted into three matrices according to the three
angles θ=45◦, 90◦, 135◦ of the detectors relative to the
beam axis. For the line shape analysis, the stopping pro-
cess of an excited nucleus is simulated using nuclear [27]
and electronic stopping powers [28]. In Fig. 3, a line
shape analysis for the 1419 keV transition depopulating
the 2+4 state is shown. The weighted mean value over the
angles for the effective lifetime is calculated to be τ=0.30
(7) ps. The analysis procedure is outlined in more detail
in Ref. [29].
To interpret the nature of the low-lying structure and
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FIG. 2: (Color online) Comparison of a fitted theoretical an-
gular correlation (solid line) with relative intensities obtained
from 11 correlation groups for the 1419-787 keV γγ coinci-
dence.
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FIG. 3: (Color online) Determination of the effective lifetime
of the 1419 keV transition depopulating the 2+4 state using a
gate set on the 787 keV transition. Coincidence spectra with a
gate set on the 787 keV transition for two different angles are
shown. The red solid line represents the simulated line shape
at forward angle and the blue dashed line the backward angle.
The effective average lifetime is τ=0.30 (7) ps.
the relevant shape dynamics in 98Mo, we performed a
self-consistent mean-field calculation using the Skyrme
energy density functional (EDF) (see [30] for review).
Figure 4(a) shows the total energy surface of 98Mo in
terms of the axial quadrupole deformation β and triax-
iality γ [31], obtained through the constrained Hartree-
Fock-BCS (HF-BCS) method with the Skyrme functional
SLy6 [32] using the code ev8 [33]. Figure 4(a) displays
two minima in the mean-field energy surface, with the
deeper one being close to a spherical shape (β ≈ 0) and
the other at β ≈ 0.21 and γ ≈ 20◦ with some degree of
softness. On the other hand, no coexisting minima are
visible in the microscopic energy surfaces of the adjacent
nuclei 96Mo (Fig. 4(c)) and 100Mo (Fig. 4(d)). 98Mo ap-
pears to be transitional between near-spherical (96Mo)
and deformed (100Mo) shapes.
To study quantitatively the spectroscopic observables
associated with the intrinsic shape of interest, it is neces-
sary to go beyond the mean-field approximation. In this
work we resort to the proton-neutron interacting boson
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FIG. 4: (Color online) Contour plots of the microscopic (a)
and the mapped (b) energy surfaces in (β, γ) plane of 98Mo,
and of the microscopic energy surfaces of the adjacent nuclei
96Mo (c) and 100Mo (d). The color code ranges from 0 (mean-
field minimum) to 2 MeV, and the minima are identified by
the solid white circles. The Skyrme SLy6 functional is used.
model (IBM-2) [15, 34] to generate spectra and transi-
tion rates that are comparable to data. By mapping
the microscopic energy surface onto the equivalent IBM-2
Hamiltonian in the boson condensate [36], the Hamilto-
nian parameters are determined microscopically, thereby
not invoking any adjustment to data (cf. Ref. [35, 38]
for details). The mapped Hamiltonian is to be diagonal-
ized numerically in the boson m-scheme basis to provide
level energies and transition rates with good quantum
numbers in the laboratory frame.
In order to describe the two mean-field minima, the
model space of the IBM-2 needs to be extended by in-
cluding the intruder configuration and by mixing the
Hamiltonians associated with the two configurations [37].
We include the two-proton excitation across the Z = 40
shell, assuming 90Zr to be the inert core. Thus, the num-
ber of proton bosons is 1 and 3 for the normal and the
intruder configurations, respectively, while the neutron
boson number is fixed to 3. Note that normal (intruder)
configuration denotes hereafter the proton 2p-0h (4p-2h)
configuration. The choice of this model space is also
guided by studying the calculated single-particle ener-
gies as functions of the β deformation, which indicate
the lowering of pig9/2 orbitals and the occupation of the
last protons in the orbitals at β ≈ 0.2 associated to the
γ-soft minimum in Fig. 4(a). The full Hamiltonian of the
system is then given as:
H = PnorHnorPnor + Pintr(Hintr + ∆)Pintr +Hmix, (1)
where Hnor (Hintr) and Pnor (Pintr) represent the Hamil-
tonian of and the projection operator onto the normal
(intruder) configuration space, respectively. ∆ and Hmix
stand for the energy offset needed for the proton cross-
shell excitation and interaction that mixes two configura-
tions, respectively. The form of the Hamiltonian H is the
same as in [38], but only two configurations are consid-
ered in the present work. The resulting mapped IBM-2
energy surface is shown in Fig. 4(b). One can see in
Fig. 4(b) two equivalent minima near β ≈ 0 and β ≈ 0.2,
with the latter being γ soft similarly to the microscopic
energy surface ∗.
The calculation predicts a spectroscopic quadrupole
moment for the 2+1 state of Q(2
+
1 ) = −0.245 eb, cor-
responding to a weak prolate deformation. This is con-
sistent with a previous experimental value of Q(2+1 ) =
−0.25(9) eb [40], but differs from the more recent one,
Q(2+1 ) = −0.05(2) eb [14]. We note, that the latter result
stems from a global fit to data taking known multipole
mixing ratios and lifetimes into account. Some of these
input data have been changed and complemented by our
present measurement. In Table I, we give the intrinsic
β-deformation parameters for the lowest three 2+ states,
taken from inelastic scattering [41, 42] and Coulomb ex-
citation [43] data. This data is compared to the value
obtained from the minima in the mean field energy sur-
face (Fig. 4(a)), and the deformation extracted from
the intrinsic quadrupole moment in the IBM-2, assum-
ing K = 0. The best agreement is found with Coulomb
excitation values from Ref. [43].
Next we analyze the structure of the low-energy level
scheme of 98Mo. Figure 5 compares the data from the
present experiment (left-hand side) and the calculated
spectra after (center) and before the mixing, i.e., unper-
turbed configurations (right-hand side). Note that some
experimental states, which are close in energy and have
the same spin have been identified from the comparison
to predicted B(E2) values (cf. Tables II and III). Even
though the energy levels are calculated without any fit
TABLE I: The intrinsic deformation parameter β2 for the
lowest three excited 2+ states. The theoretical values ex-
tracted from the intrinsic quadrupole moments obtained by
the IBM-2 (K = 0 is assumed) βIBM2 , and the equiva-
lent values βMF2 associated with the mean-field minima, and
the experimental values βexpt2 from inelastic scattering of
deuterons [41, 42] and Coulomb excitation [43] are shown.
Elevel (keV) J
pi βMF2 β
IBM
2 |β(d,d’)2 | |βCoulEx2 | a
787.26 2+1 (+0.21) +0.132 0.167 (4)
b 0.174 (5)
1432.29 2+2 (≈0.0) +0.060 0.046 c 0.037 (2)
1758.32 2+3 -0.121 0.029
c 0.11 (5)
aTaken from Ref. [43]
bTaken from Ref. [42]
cTaken from Ref. [41]
∗ A minimum at γ = 20◦, however, is not obtained with the used
Hamiltonian containing up to only two-body boson terms. It has
been shown [39] that a three-body boson term should be included
in the IBM Hamiltonian to give rise to the triaxial minimum and
to better describe the detailed structure of quasi-γ band. This
is, however, not particularly of relevance for the present paper.
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FIG. 5: (Color online) Low-energy level scheme of 98Mo. The experimental (left) and the calculated spectra with mixing
(“IBM-2: pert. configuration”, center) and without mixing (right). New spin assignments are denoted in italic letter. The
number indicated next to spin value (center) represents the fraction of the intruder configuration in the wave function of each
state.
to data, that is, the Hamiltonian parameters are derived
solely from the microscopic EDF and the mapping pro-
cedure, the overall agreement between data and calcu-
lation in Fig. 5 is remarkably good. While the exper-
imental 0+2 excitation energy is well reproduced by the
theory, the calculated 2+1 level energy seems rather low
compared to the experimental value. The reason is the
strong level repulsion between the unperturbed low-spin
states of the two configurations due to a rather large
mixing strength. In the experiment an excess of states
is observed above the 0+4 state, which could not be as-
signed to predicted states. These might originate from
a more complicated structure eventually associated to
higher-order effects such as the four-proton cross-shell
excitation and/or the excitation of neutrons, which are
outside of the model space of the present calculation.
Looking into the origin of each state in a more quan-
titative manner, firstly we notice on the right-hand side
of Fig. 5 that, the unperturbed 0+1,2 states of the normal
and the intruder configurations are very close in energy.
After the mixing, the 0+ ground states in each config-
uration repel each other by ≈350 keV in energy (as il-
lustrated by arrows). Here, the matrix element 〈Hmix〉,
which mixes unperturbed 0+1 states of the normal and
the intruder configurations, is calculated to be 385 keV.
This value is consistent with the result from a schematic
two-level mixing calculation of 326 keV [12]. In the re-
sulting 0+1,2 states, normal and intruder configurations are
almost equally mixed with fraction of 55.3% and 46.9%,
respectively.
One should also notice that the unperturbed normal
and the intruder level schemes exhibit typical vibrational
and γ-soft characteristics, respectively which is at vari-
ance with the findings in Ref. [14]. Within the unper-
turbed normal configuration, the level-spacing with an
R4/2 value of 2.67, and the absence of an excited 0
+
state near the close-lying 4+1 , 2
+
2 states, is typical for
a gamma-soft structure (R4/2 ∼ 2.32), in which a two-
phonon 0+ state is absent. The unperturbed intruder
configuration, in contrast, displays close-lying 4+1 , 2
+
2 ,
and 0+2 states, more typical for a spherical vibrator. Also
the R4/2 = 2.32 of the intruder configuration deviates
strongly from deformed values toward the spherical har-
monic oscillator (R4/2 = 2.0). This interpretation cor-
relates with the microscopic energy surface in Fig. 4(a),
and is consistent with previous empirical IBM-2 fitting
calculations [45].
TABLE II: Theoretical E2 transition strengths (in W.u.)
compared to experimental values from [14, 23] and from this
work. States in bold are predicted to be of intruder nature
in theory. For transitions with mixed multipolarity the mul-
tipole mixing ratio δ measured in the present experiment is
given.
Elevel (keV) J
pi
I Eγ (keV) J
pi
F B(E2)theo B(E2)exp δexpt
787.26a 2
+
1 787.26 0
+
1 27 21.4
+11
−10
52.6b 0+2 256 280 (40)
1432.29a 2+2 644.70 2
+
1 22 47.8
+132
−100 +1.67 (25)
697.10 0+2 8 2.5
+8
−6
1432.29 0
+
1 0.03 1.0
+2
−1
1509.74a 4+1 722.48 2
+
1 49 49.1
+5.5
−4.5
1758.32a 2
+
3 326.05 2
+
2 13 4.7
+189
−23 −0.17 (22)
971.03 2
+
1 6 3.2
+134
−16 −0.97 (14)
1023.61 0+2 7 7.8
+286
−34
2206.74 2+4 1419.48 2
+
1 1.3 1.7 (2) −0.33 (11)
2333.03 2
(+)
5 900.85 2
+
2 1 1.6
+8
−4 −0.15+0.19−0.20
2343.26c 6
+
1 833.52 4
+
1 56 10.1 (4)
aτ adopted from [43]
bB(E2) adopted from [23]
cτ adopted from [14]
5Finally, in Tables II and III we compare experimen-
tal and theoretical B(E2) values. Lifetimes are either
adopted from Ref. [14] or measured in the present ex-
periment. If not stated differently, all multipole mixing
ratios and branching ratios are from the present work.
The conversion coefficient α was obtained from calcula-
tions using the code Bricc [46]. Very good agreement
between experiment and theory is obtained, confirming
the strong mixing between both configurations. In par-
ticular, the strong B(E2; 2+1 → 0+2 ) and B(E2; 2+2 → 2+1 )
transitions ,relative to the 2+1 → 0+1 transition (see Ta-
ble II), present a stringent test of configuration mixing.
The measured B(E2; 6+1 → 4+1 ) is much smaller than pre-
dicted, perhaps due to fragmentation.
TABLE III: Same as Table II, but normalized with respect to
the largest B(E2) value among the depopulating decays from
a given initial state.
Elevel (keV) J
pi
I Eγ (keV) J
pi
F B(E2)
rel
theo B(E2)
rel
expt δexpt
1962.81 0
+
3 530.61 2
+
2 1 1
1175.57 2
+
1 0.10 0.05 (1)
2104.66 3
+
1 594.65
a 4+1 0.66 < 0.40
672.50 2+2 1 1 +6.66
+3.41
−1.71
1317.37 2
+
1 0.13 0.04 (3) +2.91
+0.64
−0.46
2223.74 4
+
2 713.80 4
+
1 1 1 +1.13 (17)
791.58 2+2 1.60 0.88 (11)
1436.68 2
+
1 0.03 0.04 (1)
2419.48 4
+
4 661.16 2
+
3 1 1
909.52 4+1 0.54 0.33 (3) −0.64(10)
1632.46 2
+
1 0.06 0.02 (1)
aBranching ratio adopted from [23], no multipole mixing ratio
available, assumed to be a pure E2 transition
In Table III we compare relative B(E2) values, nor-
malized with respect to the largest B(E2) value among
the depopulating decays from a given initial state, for the
states without lifetime information. Note, that the three
4+2,3,4,exp states are observed within 200 keV. From com-
parison of relative B(E2) values the 4+2,exp state can be
assigned to the predicted 4+3,theo state generated mainly
by the intruder configuration, while the 4+4,exp state can
be assigned to a strongly mixed 4+2,theo state. Table III
shows the same extent of consistency as obtained in Table
II.
We have revealed robust experimental evidence for
shape coexistence and configuration mixing in the low-
lying structure of 98Mo. Key data on multipole mixing
ratios and lifetimes have been obtained, allowing for a
detailed comparison with a new theoretical calculation
within the IBM based on the microscopic EDF. The
EDF calculation predicted two (near-spherical and γ-
soft) mean-field minima in the energy surface (Fig. 4(a)),
which necessitates the extension of the IBM to include a
intruder configuration associated to the proton excita-
tion across the Z = 40 subsell closure. The two intrin-
sic shapes are mixed strongly into low-spin states (cf.
Fig. 5). The excitation spectra and E2 properties are
calculated in a fully microscopic way, and are in excel-
lent agreement with the wealth of the new spectroscopic
data and consistent with a previous phenomenological
IBM fit [45]. The theoretical method used in this work is
robust, it is capable of correctly modeling the coexistence
of shapes, hence, allows to gain a universal description of
nuclear shapes, and will be applied to other heavy exotic
nuclei in the future.
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